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Abstract

Strength properties are determined for monocrystalline silicon and sapphire and for soda-lime glass plates containing sub-

threshold flaws, i.e. flaws without detectable microcracks. Nanoindentations covering a wide range of loads are used to introduce

flaws of predetermined sizes into highly polished or etched surfaces, to enable systematic study of the transition from the post-

threshold to subthreshold regions. Strengths of the indented plates are measured using a simple bilayer test configuration in which

the plates are bonded – indentations downward – onto a polycarbonate support base and loaded centrally at their top surfaces to

failure. Failure occurs from flaw sites over the entire range of diminishing loads, up to a strength cutoff at >2 GPa associated with

natural surface flaws. In none of the materials do the postthreshold strength/indentation-load data extrapolate unconditionally into

the subthreshold region. However, whereas the glass data show an abrupt increase in strength at the threshold, the silicon and

sapphire data show only a slight discontinuity in slope. A simple model for subthreshold flaws, based on the critical conditions to

initiate radial cracking from embryonic shear faults within the contact damage sites, accounts for the main size trends in the data.

The disparities between the glass and crystalline responses are attributed to differences in the precursor shear fault geometries.

General applicability of the scaling concepts to a broad range of alternative flaw types, e.g. associated with microstructural defects,

is discussed.
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1. Introduction

With the continuing miniaturization of MEMS,
NEMS, sensors and actuators, bioengineering devices,

etc., questions inevitably arise as to any changes in

fundamental material response as characteristic dimen-

sions diminish into the small-scale region. These
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dimensions include specimen size, interlayer thickness,

microstructural scale, and inter-component contact di-

mensions [1,2]. From the standpoint of inherently brittle
materials, most pressing is how material strength may

change as this region is entered. How valid is it to

extrapolate macroscopic fracture and deformation laws

unconditionally downward? – and, if such extrapola-

tions prove not to remain valid, what are the new,

nanomechanics-based laws that govern behavior in the

small-scale region?

One of the defining size scales in brittle behavior is
that of the critical flaw responsible for fracture under

applied stress. The basic nature of flaws in the submi-

crometer region and associated strength properties re-

main obscure. An illustrative example is that of optical

glass fibers, which in their pristine state can achieve

strengths approaching 10 GPa [3]. However, surface

contact with a single lm-scale atmospheric particle can
c.
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Fig. 1. Bilayer test configuration, with indentation placed at center of

plate undersurface and sphere applied at top surface. Bell-shaped curve

indicates tensile stress distribution on plate undersurface.
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reduce the fiber strength by over an order of magnitude.

Flaws in this region may not have the nature of classical

Griffith microcracks, but may rather take the form of

embryonic defects with intensely concentrated residual

stress fields [4,5]. Such defects can arise from extrinsic
surface contacts from dust particulates, from inclusions

in the bulk material [6], or from local contacts with

moving components in a micromechanical (e.g.,

MEMS) device. These ‘‘subthreshold’’ defects do not

develop into true microcracks until some characteristic

flaw dimension or subsequent applied stress level is ex-

ceeded: in the subthreshold region fracture is initiation-

controlled, whereas in the postthreshold region fracture
is propagation-controlled.

The present paper addresses this issue of flaw size in

highly brittle materials, using sharp indentations to in-

troduce controlled subthreshold flaws. Such indentations

may be expected to simulate the kind of microcontacts

that occur in real small-scale structures. Although the

loads can be minute, <1 mN in extreme cases, the contact

forces are concentrated and so can deliver high local
stresses, sufficient to induce strength-degrading flaws.

Previous indentation studies in silicate glasses and crys-

talline ceramic materials have demonstrated contact

damage zones beneath sharp indenters to consist of arrays

of constrained discrete shear or slip faults, activated at

stresses close to the cohesive strength of the material [7–

12]. Well-defined radial cracks initiate from the faults,

either spontaneously at sufficiently high indentation loads
(postthreshold flaws) or subsequently under the action of

applied tensile stresses (subthreshold flaws), thereby de-

grading the strength properties [13–16]. Recent observa-

tions of nanoindentation damage sites in semiconductor

single crystals have revealed insight into the fundamental

precursor slip and subsequent fracture processes [17–19].

The specific goal of this paper is to determine the

strength of select brittle materials containing contact
flaws made with sharp nanoindenters, as a function of

indentation load or equivalent flaw size. The materials

considered are single-crystal silicon and sapphire with

polished surfaces, chosen for both their widespread use

as model brittle materials and their potential applica-

tions in small-scale device systems. Preliminary data for

silicon have already been reported [16], but are here ex-

tended in data range. Soda-lime glass is also included as
a well-documented comparative base material. A frac-

ture mechanics description, building on earlier fracture

mechanics models [5,13,20–22] but here highly simpli-

fied, is used to account for the basic elements of crack

initiation and attendant strength degradation from pre-

cursor shear faults. Particular attention is paid to prop-

erties in the indentation crack threshold region, where

the associated strength properties may be expected to
undergo a fundamental transition. Implications con-

cerning the generic behavior of stress-concentrating,

small-scale flaws will be discussed.
2. Experimental procedure

Silicon wafers (University Wafer, South Boston, MA)

with (1 1 1) surfaces and sapphire wafers (Valley Design

Corp., Santa Cruz, CA) with ð10�12Þ surfaces were cut
into plates 25 mm · 25 mm · 1 mm. The wafers were

procured in a polished state with <1 nm surface

roughness. Soda-lime glass plates were cut to similar

dimensions from microscope slides (Fisher Scientific,

Pittsburgh, PA) and surface-etched (10 vol% HF for

9 min) to remove handling defects. Care was taken to

protect the finished surfaces from any spurious damage

throughout the handling process.
Controlled flaws were introduced into the plate top

centers using diamond indenters: for loads in the range

200 down to 2 N, a microindenter (Zwick 3212, Zwick

USA, Kennesaw, Georgia) with Vickers tip; for loads in

the range 10 N down to 1 mN, a nanoindenter (Nano-

indenter XP, MTS Systems Corp., Oakridge, TN) with

Berkovich tip (tip radius <100 nm). (The Vickers and

Berkovich indenters are designed to give equivalent
contact areas at any given load.) The load ranges for

each indenter allow for some data overlap. All inden-

tations were made in air. The indenter axes relative to

the crystal orientations were random. Load–displace-

ment (P–h) functions were recorded, and hardness H
and modulus E calculated, for each Berkovich nanoin-

dentation [23]. The indentation sites were examined for

cracking using an atomic force microscope (AFM –
Digital Instruments Nanoscope IIIa, Veeco Metrology,

Santa Barbara, CA) using a gold-coated silicon tip in

contact mode. Toughness T was evaluated from radial

crack lengths at Vickers indentations in the high load

region using a standard formulation by Anstis et al. [24].

A simple bilayer test was used to measure the

strengths of the indented plates, Fig. 1 [25,26]. The

plates were inverted and the indentation surface then
bonded with a thin layer of epoxy (�10 lm) onto a

polycarbonate base 12.5 mm thick. Some plates were



Indenter

Shear faults

Radial crack

a

c

h

P

Fig. 2. Schematic showing shear fault formation within hardness

quasiplastic zone and subsequent radial crack initiation beneath a

sharp indenter.
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bonded without preindentation so as to determine

strengths of non-indented surfaces. The bilayers were

then placed onto the specimen stage of a mechanical

testing machine (Instron 8500, Instron Corp., Boston,

MA) and positioned with the indentation sites aligned
along the load axis. This alignment was facilitated using

a camera system with a 45� mirror located immediately

below a small hole in the stage [25]. A tungsten carbide

spherical indenter of radius 3.18 mm was then used to

load the bilayer specimens at the plate top surface. In

the bilayer specimen configuration the brittle coating

layer flexes on the compliant polycarbonate support

base, placing the indentation site at the coating under-
surface in tension. An advantage of the bilayer config-

uration is that the tensile stress at the plate underface is

concentrated in a central area of radius approximately

one plate thickness [27], thus minimizing premature

failures from occasional larger defects, edge flaws and

specimen supports. In situ camera observations during

testing enabled direct confirmation that failure initiated

from an indentation flaw. Strengths were calculated
using the bilayer relation S ¼ ðL=Bd2Þ logðE=EsÞ, where
L is critical the load, d is the plate thickness, E is the

modulus of the upper plate and Es ¼ 3:25 GPa the

modulus of the polycarbonate substrate, and B ¼ 1:35
[28]. Strengths evaluated from this relation may be ex-

pected to provide reliable estimates for small (e.g. sub-

threshold) flaws, where the issue of stress gradients over

the flaw length does not arise [29].
3. Theoretical model

3.1. Subthreshold flaws

In this section we present a fracture mechanics anal-

ysis for the initiation of radial cracks from quasiplastic
damage zones beneath sharp indenters, building on

earlier models [5,13,20–22] but with simplifications to

enable derivation of basic, explicit relations.

Consider the indentation at load P and characteristic

contact radius a or depth h, Fig. 2. The damage zone

consists of shear or slip faults whose dimensions are

confined within the immediate contact zone [2,11,12].

These faults act as effective sources for initiation of radial
cracks. Once initiated, the cracks extend around the

contact zone and complete themselves in a half-penny

configuration of radius c with characteristic radial traces

on the top surface [30]. The main simplification in the

present analysis is to treat the critical shear faults as

‘‘equivalent’’ mode I cracks of size c � a. In this de-

scription, the contact radius a may be considered as a

measure of the flaw size. The observation of a permanent
impression indicates the existence of a residual stress field

about the indentation site, the intensity of which scales

with the mean contact pressure or hardness H [22,30,31].
The stress-intensity factor for the equivalent source crack

subjected to a subsequent applied flexural stressr then has
the generic form

K ¼ KR þ KA ¼ jHc1=2 þ krc1=2; ð1Þ

where j and k are crack-geometry coefficients. The
source crack at c ¼ a becomes unstable and propagates

into a full radial crack at K ¼ T (single-valued tough-

ness, KIC), r ¼ S, defining the strength

S ¼ ð1=kÞ½T=a1=2 � jH �: ð2Þ

The strength can equally well be expressed in terms of

load P . Defining hardness as the mean contact pressure

[32]

H ¼ P=aa2 ð3Þ

enables us to rewrite Eq. (2) as

S ¼ ð1=kÞ½ðaH=PÞ1=4T � jH � ð4Þ

with a ¼ 33=2=4 for Berkovich and a ¼ 2 for Vickers

indenters (a ¼ indent center-to-corner dimension). It is

implicit in Eq. (4) that the hardness remains constant

over the load range.

It will be observed that both toughness T and hard-
ness H appear in Eqs. (2) and (4): T determines the

condition for crack extension and H determines the

magnitude of the residual stress field. The limiting

condition S ¼ 0 defines threshold contact sizes and loads

for spontaneous radial cracking [13,20]:

a� ¼ ðT=jHÞ2; ð5aÞ

P� ¼ 2T 4=j4H 3: ð5bÞ
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3.2. Postthreshold flaws

At a > a�, P > P�, radial crack initiation from the

indentation site is spontaneous, defining the post-

threshold region. The mechanics of fracture from spec-
imens containing fully developed radial cracks is well

documented [30,31,33,34], so we present only the

essential results here. In analogy to Eq. (1), the stress-

intensity factor for cracks in this region has the form

K ¼ KR þ KA ¼ vP=c3=2 þ wrc1=2 ð6Þ
with v and w crack geometry coefficients. In this case,

the radial crack first propagates stably at K ¼ T to

c ¼ cM under the action of the combined residual and

applied stress fields prior to failure, defining the strength

r ¼ rM ¼ S,

S ¼ ð3T =4wÞðT=4vP Þ1=3 ¼ bðT 4=P Þ1=3; ð7Þ
where b ¼ ð3=4wÞð1=4vÞ1=3.

Toughness T is thus the primary strength-determining

material property in the postthreshold region. Strictly,

v � ðE=HÞ1=2 in Eq. (6) [31], but this corresponds to a

very weak ðE=HÞ1=6 term in the strength relation equa-

tion (7), so we ignore any modulus/hardness variation

here.
4. Results and analysis

Fig. 3 shows AFM images of nanoindentations in

soda-lime glass, silicon (1 1 1) and sapphire ð10�12Þ, in
the immediate subthreshold and postthreshold regions.
Fig. 3. AFM images of Berkovich nanoindentations in (a) soda-lime glass, (b

material represent loads immediately on either side of the radial cracking th
The images – representing derivatives of surface topog-

raphy for edge enhancement – reveal well-defined

hardness impressions with apparently smooth surfaces

within. As we shall argue in Section 5, the smoothness of

the indentation surfaces belies the presence of intense
damage below. The images in Fig. 3 reveal the existence

of cracking thresholds, with radial cracks clearly visible

at the higher loads but completely suppressed at the

lower loads. Considerable variation was found in the

threshold loads for each material, especially for glass,

consistent with observations in previous studies [11].

Values of hardness H , modulus E and toughness T
shown in Table 1 for the brittle test materials are means
and SD of a minimum 25 tests, calculated from the in-

dentation measurements: for H , a combination of eval-

uations from load–displacement data for the

instrumented Berkovich nanoindentations plus direct

Vickers impression measurements using Eq. (3); for E,
solely from the Berkovich load–displacement data; and

for T , from well-developed cracks at Vickers indenta-

tions at load P ¼ 10 N. The E and H values showed little
systematic variation over the load range covered in our

experiments, although they are somewhat higher than

typically quoted for bulk materials in the literature.

Figs. 4–6 are plots of strength S versus indentation

load P (lower axis) or ‘‘equivalent dimension’’ a from

Eq. (3) (upper axis) for glass, silicon (1 1 1) and sapphire

ð10�12Þ. Silicon (1 0 0) data, previously reported else-

where [16], are excluded from Fig. 5 to avoid excessive
data overlap – in any case, those data show the same

trend as silicon (1 1 1), with only a small (20–30%) up-

ward shift along the strength axis. Symbols are indi-
) silicon (1 1 1) and (c) sapphire ð10�12Þ. The two indentations for each

reshold.
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R.F. Cook, quoted in [34]).
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Table 1

Parameters for materials in this study

Material E (GPa) H (GPa) T (MPam 1=2) k j b

Soda-lime glass 64± 4 5.9± 0.5 0.70±0.1 0.27 0.015 2.00

Silicon (1 1 1) 200± 10 13.5± 1 0.9± 0.2 0.45 0.068 1.25

Sapphire ð10�12Þ 470± 25 30± 3 2.75±0.0 0.55 0.055 1.25
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vidual data points: triangles represent failures from

Berkovich indentations, diamonds failures from Vickers

indentations; filled symbols represent current bilayer test

data, unfilled symbols flexure data from earlier studies
on Vickers-indented bars or disks [15,34,35]. Open boxes

on the left axis are SD limits for failures from natural
flaws (including failures away from indentation sites in

low-load Berkovich specimens), providing an upper

cutoff at �2–4 GPa for the indentation-strength data.

Vertical grey bands indicate observed bounds for the

threshold cracking loads P�, above which cracks are

always present and below which cracks are never pres-

ent. The threshold in glass is strongly sensitive to such

variable factors as contact duration and relative hu-
midity in the atmosphere [11,29,36,37], so for the pur-

pose of data fitting (see below) the vertical band shown

is for a separate series of relatively fast (15 s) Vickers

indentation tests in ‘‘inert’’ dry N2 environment. Where

common bilayer and flexure test data are available there

is overlap within the scatter in the all-important sub-

threshold and immediate postthreshold regions, where

the flaw sizes c remain small relative to plate thickness d.
There is some tendency for the bilayer data to deviate

upward relative to the flexure data in the upper post-

threshold region P � P�, attributable principally to the

increasingly constraining effects of tensile stress gradi-

ents as c approaches d but also to intrusion of the

bonding epoxy into the radial cracks at the interlayer

interface [29,38,39]. In the lower subthreshold region,

indentation penetration depths ð� a=7Þ approach the
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indenter tip radius �100 nm used in our experiments

(suggesting that extension of the data range to even

smaller contact loads could be problematic). Notwith-

standing these cutoffs and deviations, transitions in the

strength characteristics are evident in all three materials,
although the nature of the transition does not appear to

be universal. Whereas in glass the strength shows an

abrupt increase on traversing the threshold, with con-

siderable data overlap along the load axis, in silicon and

sapphire the transition is smooth, with only slight dis-

continuity in slope.

The solid lines in Figs. 4–6 are theoretical fits to the

data, adjusting coefficients in the appropriate strength
relations: Eq. (4) in the region P < P�, including only

data representing failures from subthreshold indentation

sites – i.e. excluding failures from natural flaws – and

requiring that the curve intersect the P axis within the

observed threshold range; Eq. (7) in the region P > P�,
including only bilayer data in the immediate post-

threshold region – i.e. excluding bilayer data where de-

viations from P�1=3 flexure data become apparent. In the
case of silicon, the subthreshold region is not so well

defined by the data points, because of the extremely low

value of P�. Values of the adjusted coefficients are in-

cluded in Table 1. A near-common set of coefficients

adequately fits the postthreshold data for silicon and

sapphire, but again not for glass, implying some basic

differences in the flaw geometries in the two material

classes.
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5. Discussion

Strength characteristics have been determined for

three classical brittle materials – soda-lime glass, silicon

and sapphire – using nanoindentations to introduce

small-scale flaws down into the subthreshold region. The
indentation flaws have the nature of precursor damage

zones containing slip or shear faults: subthreshold flaws

are readily distinguished from their postthreshold

counterparts by the absence of visible radial cracks at

the indentation corners. Strength values in the sub-

threshold region are higher than would be predicted

from extrapolation of data from the postthreshold re-

gion, more so in the case of glass than in the crystalline
materials. Subthreshold flaws nevertheless still provide

preferential sites for failure in subsequent tensile

loading.

A fracture mechanics model, simplified from earlier

descriptions, accounts for the main features in the

strength dependence on flaw size. The postthreshold

region is based on propagation from well-developed

radial cracks, the subthreshold region on initiation of
radial cracks from precursor shear faults. Actually, the

analysis predicts another intermediate region between

the loads at which the subthreshold and postthreshold
curves cross each other and where the subthreshold

curve intersects the S ¼ 0 axis. In this region the radial

crack first initiates in the applied tensile field, arrests,

and propagates stably before failure. However, as seen

in Figs. 4–6, this region occupies a narrow window
along the P axis and the indentations are very small, so

any such activated pop-in would be difficult to capture

optically.

For the sake of comparison, it is useful to plot the

fitted S–P curves for the three materials onto a master

diagram. Fig. 7 shows such a plot, with the curves ex-

trapolated beyond the data range into the nanoscale

flaw, ultra-high strength region. It is interesting to note
how the material ranking changes in the different flaw-

size regions. Although glass has the lowest strength in

the postthreshold region, because of its inferior tough-

ness, silicon has the lowest strength in the subthreshold

region, because of its very low threshold. Also of interest

is the reduced superiority of the much tougher sapphire

relative to glass in the subthreshold region. The crys-

talline materials are especially brittle and susceptible to
crack initiation from the most minute precursor

damage.

The question remains as to why the postthreshold/

subthreshold transition is smooth in silicon and sapphire

but abrupt in glass. This question has been addressed in

earlier studies. In Fig. 4 for glass, the postthreshold data

extend to loads well to the left of the crossover between

the fitted postthreshold and subthreshold curves. It is
argued that such pseudo-subthreshold data actually

represent subthreshold flaws that have popped in during

or even after unloading of the indenter [5,36]. The per-

sistent action of the residual stress field around inden-

tation sites, in conjunction with the intrusion of

moisture into shear-fault source-cracks, causes delayed
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radial crack pop-in [11], thereby extending the post-

threshold region down toward 100 mN in Fig. 4. Hence

the apparent abrupt strength discontinuity in Fig. 4. The

somewhat erratic delayed pop-in in glass [11] accounts

for the considerable postthreshold/subthreshold data
overlap in this figure. Analogous discontinuities are not

evident in silicon or sapphire, which are relatively im-

mune or at least insensitive to delayed pop-in from slow

crack growth effects.

Another distinction between the glassy and crystalline

materials is the disparity in values of the subthreshold

parameters k and j in Table 1. Such disparity indicates

departure from the notion of geometrical similitude
implicit in the fracture mechanics model in Section 3.1 –

the assumption of shear faults as ‘‘equivalent’’ in-plane

mode I source-cracks is simplistic. In all of the materials

considered, the plastic deformation occurs at stress

levels close to the cohesive strength (typically,

H=E > 0:05), so that shear faults propagate abruptly

and discretely as depicted in Fig. 2 [2]. However, the

shear fault configurations in the glassy and crystalline
solids are quite different: in the glasses, the faults form

on curved surfaces of maximum shear stress trajectories

[7,8,11]; in monocrystalline solids, they form preferen-

tially on weak crystallographic slip planes [12,17–19,40–

42]. Apparently, the additional constraints imposed by

the crystallography favor higher stress concentrations at

intersecting shear faults, making it easier to initiate ra-

dial cracks. Indenters with much sharper angles than the
Berkovich and Vickers used here (e.g. cube corner) can

profoundly depress threshold loads [43], attesting to

some role of geometry in the crack initiation process.

Although the present study has focused on indenta-

tion flaws, we would assert a certain generality in the

conclusions. Threshold behavior is common to a wide

range of defects. Microcracks analogous to radial cracks

are known to initiate from stress concentrations at or
around grain boundaries in polycrystals or included

particulates (or second phases) in matrix materials

above some critical grain dimension, dependent on

several material mismatch parameters (e.g. modulus or

thermal expansion). Threshold size effects in fracture

come about as a result of different scaling dependencies

of strain and surface energy terms [34]: strain energy

associated with the volume of material scales with (grain
dimension)3, whereas surface energy associated with the

formation of crack area scales with (grain dimension)2.

Threshold behavior is expected to be the rule rather than

the exception.

Finally, mention may be made of the potential of

nanoindentations to investigate how the strength prop-

erties of certain brittle materials might be modified by

the deposition of thin films – oxide films on silicon, ion
implantation, etc. The fracture and damage properties

of such materials are expected to be increasingly influ-

enced by the film properties in the high-strength, sub-
threshold region, where flaws may be wholly contained

within the film thickness.
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